A numerical study was carried out to describe the flow field structure of an oxide melt under 1) the effect of internal radiation through the melt (and the crystal), and 2) the impact of surface tension-driven forces during Czochralski growth process. Throughout the present Finite Volume Method calculations, the melt is a Boussinnesq fluid of Prandtl number 4.69 and the flow is assumed to be in a steady, axisymmetric state. Particular attention is paid to an undulating structure of buoyancy-driven flow that appears in optically thick oxide melts and persists over against forced convection flow caused by the externally imposed rotation of the crystal. In a such wavy pattern of the flow, particularly for a relatively higher Rayleigh number ( ) ( ) Ra 6 10 =  , a small secondary vortex appears nearby the crucible bottom. The structure of the vortex which has been observed experimentally is studied in some details. The present model analysis discloses that, though both of the mechanisms 1) and 2) end up in smearing out the undulating structure of the flow, the effect of thermocapillary forces on the flow pattern is distinguishably different. It is shown that for a given dynamic Bond number, the behavior of the melt is largely modified. The transition corresponds to a jump discontinuity in the magnitude of the flow stream function.
Introduction
Refractory oxide crystals such as gadolinium gallium garnet (GGG) and yttrium aluminum garnet (YAG) are widely used as solid-state laser hosts and materials for epitaxial films in magneto-optical devices [1] [2] . As the most commonly used technique, garnet crystals are grown by Czochralski (Cz) method mainly characterized by hydrodynamics of the melt which is inextricably coupled to transport phenomena in this configuration. Motions relevant to the Cz melt can be classified by the principal of driven forces into the following main groups: 1) gravitational (natural convection), 2) mechanical (forced convection) and 3) surface tension (Marangoni convection). These different kinds of the melt motion are quite complex and their intensity and interaction determine the flow structure, the heat and mass transport, the shape of crystal/melt interface and consequently the quality of the crystal [3] . Defect formation in the crystal as well as spiral growth of oxides are strongly influenced by convective flow and its instabilities [4] - [6] .
Accounting for the internal radiation within the melt and crystal is of crucial importance in numerical modeling of Cz growth of oxides because they are often semitransparent to infrared radiation [7] [8] . Radiative heat transfer (RHT) strongly couples with the melt dynamic and, as demonstrated by Xiao and Derby [9] , considerably affects the interface shape. Their model, however, approximated the internal radiation through the crystal being totally transparent and so could not be provide an explanation of the effect of optical properties of the crystal. Furthermore, the melt was assumed to be opaque and consequently did not participate in the radiative heat transfer in the model.
Tsukada et al. [10] have developed a global analysis of heat transfer in the Cz oxide growth system in which the influence of the optical properties of both the melt and the crystal on the interface morphology has been studied. In their model, however, forced convection flow and thermocapillary effect was neglected. Recently, much progress has been made in understanding the effect of internal radiation on the thermal convective pattern generated at the melt free surface for which the Marangoni instability is an indispensable factor [10] [11] . Jing et al. [12] have numerically revealed that when the internal radiation was ignored, a spoke pattern was generated and the bulk melt flow was oscillatory; the pattern disappeared when the melt assumed to be semitransparent. These computational efforts were generally based on three-dimensional modeling of Cz oxide melt in an open crucible and consequently all effects attributed to the crystal, including its optical properties, were ignored. More recently, Budenkova et al. [13] have reported the results of a two dimensional, axisymmetric modeling of the Cz growth of Gd 3 Ga 5 O 12 (GGG) and Tb 3 Ga 5 O 12 (TGG) crystals. In contrast to GGG, the authors in [13] concluded that the heat transfer in TGG can be described within the model of opaque crystal of thermal conductivity in the range 3.5 -5.0 W•m −1 •K −1 . For both of the cases, the melt was assumed to be opaque, and the thermocapillary effect as well as the meniscus influence on the crystal/melt interface was ignored.
In this paper, we report the results of a numerical simulation of the Czochralski growth of a large-diameter GGG crystal. The main subject of the present model calculations is, in a first step, to explain the effect of internal radiation on the flow and thermal fields. The results obtained for semitransparent material are compared with the case in which both the melt and the crystal are assumed to be opaque to the thermal radiation. The convective behavior of the melt is discussed, and it is shown that the thermal stratification of the fluid depends on the intensity of buoyant forces in optically thick melt. The undulating pattern of the thermal field disappears with contribution of the internal radiation in heat transfer in the melt. Throughout the first step, thermocapillary flow is neglected.
In the second step, the material is assumed to be opaque, and the radiative heat exchange occurs between exposed surfaces in the Cz enclosure. The structure and properties of a small vortex which appears in the melt of high Rayleigh number is studied. It is shown that there is a critical thermocapillary coefficient at which the undulating structure [14] of the flow and, consequently the small vortex near the crucible bottom disappears. The transition of the flow pattern corresponds to a jump discontinuity in the magnitude of the flow stream function.
Model Description
The Cz growth system can be characterized by coexisting vertical and horizontal temperature gradients and the differential rotation rates of the crystal and crucible. The general feature of the fluids motion in the Cz crucible is described as follows. The buoyancy-driven hot flow ascends along the crucible wall and then accompanied by the surface/tension-driven flow, travels along the melt free surface towards the crystal rim. The fluid is being cooled down along the path and more intensively adjacent to the crystal/melt interface (CMI) due to the larger heat conductivity of the oxide crystal. This creates a stream of cold fluid which descends along the centerline towards the crucible bottom. If the crucible is at rest and the crystal rotation rate is sufficiently low, the flow is essentially buoyancy driven with a unicellular meridional circulation, namely the Hadley cell circulation [15] , with a small zonal flow driven by the crystal rotation. The crystal rotation drives a flow which streams upward below the crystal, outward along the meniscus, and down along the boundary between the Hadlay cell circulation and the forced convection cell. The shear layer between the buoyancy and rotationally driven cells, known as a Stewartson layer [16] , is characteristic of rotating fluids. Considerable effort has expended to ensure that, depending on the Rayleigh number, the flow in a side-heated cavity similar to Cz melt, displays two-dimensional axisymmetric behavior. As well, it is believed that secondary vortices which appear in the convective flow of high Rayleigh number cannot be attributed to an instability of base flow but are a direct consequence of convective distortion of the thermal field [17] .
In the model, the crystal pulling rate is, as usual, much smaller than the characteristic velocity of the buoyancy-driven flow. Therefore, the system is assumed to be in a quasi-steady state. In the melt model, the fluid motion is substantially determined by the natural convection for which the Rayleigh number does not exceed the relevant critical value estimated for relatively high Prandtl number fluids [17] [18] . Therefore, the assumption of axisymmetric transport processes in the melt can be justified. Furthermore, the significant mechanisms of instability in Cz melt model arise because of the non-linear interaction of rotational and buoyant flows to which the temperature field is strongly coupled. Therefore, axisymmetric behavior is expected for the melt model without an intense swirl.
In the present modeling of Cz-oxide growth process with bulk radiation incorporated in the governing equations, the influence of thermal convections on the flow pattern is studied. The externally imposed rotational effect is, however, assumed to be secondary in the present analysis. The crystal rotation, when accounted for in the melt, breeds a small zonal flow beneath the CMI. For experimentally reasonable rates of rotation, the flow pattern remains almost unchanged.
Physical Model
The schematic in Figure 1(a) illustrates that the configuration adopted in the present analysis consists of a crucible of radius c r and height c h , the oxide melt of height l c c h h h = − ∆ , the cylindrical shape crystal of curved shoulder and with dimensions x r and x h , the ambient gas and enclosure of height k h and radius k c r r = . The r r = . Corresponding to the crystal volume, c h ∆ is a reasonable height of crucible expose wall. Because the meniscus configuration at the crystal edge directly affects the contact area between the fluid and the crystal, its influence is taken into account in the numerical simulation. As shown in Figure 1(a) , some of this area is almost vertical and consequently allows for radial heat transfer (both convective and radiative) from the melt to the surrounding near the CMI. In the vicinity of the crucible wall, however, a right angle contact is assumed.
The mathematical model developed here, incorporates transport process in the melt and the crystal. In the ambient gas phase, assumed to be totally transparent to the thermal radiation, only the energy equation is solved. The semitransparent phases are bounded to diffuse-gray surfaces and, according to the spectroscopic measurements of the refractory oxides optical properties [19] , the optical thickness of the melt is taken to be larger than that of the crystal. For most of the calculations performed here, the thermophysical properties of GGG, reported just recently by IKZ-Berlin [20] , are employed. The physical properties of the two phases of the Cz domain are given in Table 1 . For theoretical purpose, however, two parameters ( T γ and l β ) are allowed to take different values within a reasonable range of data reported for oxides. The geometrical and growth parameters used in the present study are listed in Table 2 . The common non-dimensional groups which characterize the melt behavior in the Cz/GGG configuration are given and compared with those of YAG in Table 3 . Table 1 . Thermophysical properties, including optical data [20] , employed in calculation; the subscripts l, x, a, c and k denote melt, crystal, air, crucible and insulating enclosure, respectively. Heat capacity ( ) Table 2 . All thermophysical properties are taken from the IKZ-report [20] . 
Basic Assumption
The fluid flow for the melt region is described by coupled Navier-stokes and heat equations. The present model involves the following assumption: 1) the melt is an incompressible Newtonian fluid which satisfies the Boussinesq approximation; 2) the fluid flow is laminar; 3) viscous dissipation is negligible; 4) the melt/gas interface is not calculated from the Young-Laplace equation, but instead, following Galazka et al. [21] , an appropriate curvature of the melt free surface has been assumed so that, it provides the melt meniscus at the crystal rim; 5) the constant angle is equal to the equilibrium growth angle of the garnet crystals; 6) the crucible bottom is thermally insulated and its side walls are at a uniform and constant temperature, c T ; 7) the top enclosing wall is at the same temperature as the ambient a T ; 8) above the crucible top end, the temperature of the insulating enclosure wall varies in the range a k c T T T ≤ ≤ ; 9) no-slip condition is applied for all physical boundaries except for the melt free surface. The free surface is considered to be free of stresses or not according to the cases in which the thermocapillary effect is taken into account. Throughout this work the temperatures 0 T , a T and c T , as well as the temperature difference T ∆ are the same for all cases. To estimate the contribution of the internal radiation to heat transfer in the melt, the crystal and melt are assumed to be absorbing/emitting mediums bounded by vanishingly thin semitransparent diffuse gray surfaces. As a disposal parameter [7] [10] the optical thickness of the melt, l l c a r κ = is assumed to be significantly larger than that of crystal ( )
In second step of the calculations, both the crystal and melt are supposed being opaque ( ) l x κ κ = = ∞ mediums. Throughout the present modeling, the ambient gas phase does not participate in the radiative heat transport, that is, its optical thickness a κ is equal to zero. The refractive index of the gas phase is 1.0 a n = , and it is assumed that x l n n = as given in Table 1 . The crucible wall and its bottom wall, as well as the insulating enclosure walls are diffuse and opaque gray surfaces.
Numerical Approach
A finite volume method (FVM) is applied to compute quasi-steady and axisymmetric solutions to the fully coupled equations governing heat transfer and melt hydrodynamics for Czochralski growth of garnet oxide GGG crystal. The radiative heat transfer strongly couples with fluid dynamics [7] - [10] . Therefore, an accurate modeling of the Cz/GGG configuration requires a simultaneous solution of the radiative transfer equation and the fluid dynamics equations. This means that numerical procedure used for the radiative transfer must be compatible with the transport equations for other processes. During the last decade, different methods have been developed to solve the radiative transfer equation for refractory oxides growth systems. The P N -approximation which expands the radiation intensity by an orthogonal series of spherical harmonics [22] is widely used in its simplest form, i.e. the P 1 -approximation. Numerically, it has been shown, however, that the computational methods based on the P 1 -approximation is valid only for optically thick materials [23] . This means that with increasing the contribution of internal radiation to heat transfer, or decreasing the conduction/radiation ratio
in the melt and/or the crystal, the P 1 -approximation is not of course a suitable approach. Furthermore, the approximation may be substantially in error for multi-dimensional systems with large aspect ratios and/or when surface emission dominates over medium emission [22] [23] .
As given in Table 3 , the Planck number of garnet oxide melts is low ( )
[24] and the radiative heat transfer is the dominant mechanism in the participating mediums. As well, for Cz/oxide configuration, the melt surface emission has usually an important contribution to heat transport in the system. The disadvantages of the P 1 -approximation are removed by the use of discrete ordinates (DO) method based on a discrete representation of the angular dependence of the radiation intensity. The DO method has been widely recognized to be one of the most appropriate methods in high-temperature applications such as Cz/oxide growth system. This is particularly because the DO method shares the same philosophy and computational grid as the fluid dynamics approach [24] [25] . In the present modeling the DO method was applied to describe the major influence of the internal radiation transfer on the flow and thermal fields in the Cz/GGG configuration. The DO method does not demand any assumption concerning the angular variation in the radiation intensity. The working equations of the method are written in a finite difference form and total integration over the solid angle is performed using numerical quadratures.
Governing Equations
The equations describing the conservation of mass, momentum and energy for the two-dimensional (2D) model represented and restricted in the preceding sections, are expressed as follows. 0
where l u , P , and l T are the melt velocity vector, pressure, and temperature respectively. In addition to conduction and convection, thermal energy is transferred in the melt by radiation as described by the last term of Equation (3a). Within the crystal Equation (3a) takes the following form.
( )
To estimate the radiative heat flux , R l q , the radiative transfer equation must be solved.
We consider the radiative heat transfer for the axisymmetric system (the melt and crystal) depicted in Figure  2 . Based on the DO method, the balance of energy passing in a specified direction Ω through a small differential volume in an emitting-absorbing, but not scattering, gray medium can be expressed by the following equation, ( ) I r is the intensity of black-body radiation at the temperature of the medium. The radiative heat flux, R q which appeared in Equations (3a) and (3b), can be written as follows,
where m ω is the angular quadrature in the direction m Ω which sums to the surface area of a unit sphere, n is the unit normal vector and the index, m is used to sum over all directions. Each octant of the angular space 4π at any spatial location is discretized into N N θ φ × solid angels of extend m ω . In this calculation we have used,
In the present work, the optical properties on both sides of the semitransparent mediums (the crystal and the melt) surfaces are estimated with their refractive indices [26] [27], 1.8 In the Cz configuration Figure 1(a) , each material constituting the system, such as the melt, the crystal and the crucible expose wall, is surrounded by a transparent gas, and the incident radiative heat flux to their surfaces through the ambient gas, is partially absorbed and reflected but not transmitted if the material is opaque. In this case, the emissivity of the melt into the ambient phase can be estimated as 1 o ε ρ = − , and the emissivity into the crystal is 1.0 if l x n n = as assumed in the model.
Boundary Conditions
The velocity boundary conditions are o at the crystal/melt interface:
o at the insulating enclosure wall: where subscripts m , m′ denote the outgoing and incoming directions relative to boundary surface, respectively. The energy balance at the crystal/melt interface is described by Equation (10) in which no radiative transfer term appears because the interface does not have any volume. It has been shown that both the meniscus configuration [28] and the crystal top surface shape [29] affect the Cz/oxide growth process. To take into account the effect of meniscus formation (Figure 1(a) ) on both convective and radiative transfer, the boundary conditions for the melt free surface, including Equations (8b) and (8c), should be slightly modified. The governing equations with boundary conditions for the fluid flow and heat transport in the system were numerically solved by employing control volume (CV) based finite differential technique. The SIMPLEC algorithm [30] was used to couple velocities and pressure on staggered grids, and second order upwind method was used for discretization of momentum and energy equations. The equations are integrated over each CV and the resulting system of algebraic equations is solved iteratively until convergence is reached. Figure 1(b) provides a sample of non uniform mesh layout used in the present simulations. The cell number for both the melt and the crystal sums up 13,806 (each with area 
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Results
The present section is divided into two parts: 1) the results which explain the effect of internal radiation transfer on the convective flow and thermal fields in the melt dominated by the buoyancy forces the intensity of which is respected by the Rayleigh number Ra, and 2) the results which reveal the influence of thermocapillary forces on the convective pattern in the melt when the material does not participate in the radiative heat transport. For the cases in which the internal radiation is ignored the boundary conditions for temperature and radiative transfer between the exposed opaque surfaces, are expressed as given in reference [12] . The reliability and accuracy of the present simulation was ascertained by validating the general results of calculations with numerical results of the convection in the Cz/oxide melt [8] [9] . Comparison was made with the results obtained by Hintz et al. [28] [31] for a Cz melt (Pr = 6.8) simulated in a model experiment. The present numerical results were found to be in a good agreement with the results in literature for opaque and/or semitransparent Cz/oxide melts. The convective behavior of GGG melt in the model can be characterized by the dimensionless similarity parameters given and compared to YAG melt in Table 3 . However, to investigate 1) the effect of internal radiation on the buoyancy-driven flow, and 2) the influence of Marangoni convection on the flow field pattern, calculations were carried out for opaque system with Figures 3(a)-(c) for the melt in which the intensity of natural convection is given by 6 2.97 10 Ra = × . With respect to the symmetry axis, the right and the left part of each figure in the series of simulations correspond to the computations with (case C 1 ) and without (case C 2 ) the internal radiation, respectively. This comparative representation of the variables for optically different mediums (C 1 and C 2 ) in each figure, disclose rapidly the effect of internal radiation on the flow and thermal fields. Quantitatively, the simulation results are elucidated in Table 4 , where the range of Rayleigh number surveyed is 5 6 2.2 10 2.97 10
Stratification of the Melt and Radiative Heat Transport
It is well known [32] [33] that for an incompressible fluid, buoyancy forces can give rise to internal gravity waves if the fluid is a stratified medium. According to linear theory, instability of a shear flow can only occur if the Richardson number, Ri is less than 1/4 somewhere in the flow [15] . For a Boussinesq fluid, the appropriate form of the non dimensional parameter is given by ( ) 
u z . Consequently, the velocity gradient must be sufficiently strong before the instability occurs.
The condition 1 4 Ri ≥ everywhere happens to be both necessary and sufficient for stability of flow [32] . As shown in Figure 3(b) , the optically thick melt is a thermally stratified medium. The effect of optical properties on the flow pattern is shown in Figure 3(a) . The comparative simulation of the melt behavior describes that, in contrast to the semitransparent melt, the opaque melt exhibits an undulating structure near the crucible bottom due to a retarding force caused by vertical stratification of the fluid. Within the surveyed range of 5 6 2.2 10 2.97 10 Ra × ≤ ≤ × , thermal stratification increases with Ra , and the undulating is enhanced so that a small secondary vortex appears near the bottom for Table 4 ), the velocity gradient is considerably decrease in the semitransparent (case C 1 ) melt. In the other words, compared to the opaque system (case C 2 ), the velocity field is more largely distributed in the semitransparent melt (C 1 ). For each value of the Rayleigh number 5 6 2.2 10 2.97 10 
, it is expected that the temperature gradients, particularly in the lower part of the melt, should be significantly different for two optically distinguished cases C 1 and C 2 . More precisely, it is anticipated that, for opaque melt T r ∂ ∂ should be measurably larger than T z ∂ ∂ , while for the semitransparent melt, the difference between the radial and axial temperature gradients is smeared out.
To describe the details relevant to the discussion, This section is assigned to description of 1) the properties of the small secondary vortex (RFV) which appears in the optically thick melt model and 2) the role of thermocapillary forces on the flow field structure which lead to similar results on the fluid motion as the radiative transfer. In this section, the melt is assumed to be opaque. For the present steady and axisymmetric model, the streamlines are defined in terms of the velocity components as shown [34] that an elliptical patch of uniform vorticity ω will rotate with angular velocity
, and the motion is unstable if ratio of diameters AB CD is greater than 3 [34] .
For the case Contrarily, at the lower edge, around the point A, viscous dissipation has the lowest effect. Note that, vorticity intensification due to stretching of vortex lines, does not occur in the present 2D model. Within the surveyed range of 5 6 9.89 10 3.86 10 Ra × ≤ ≤ × , the radius of the tube almost unaltered while the normal cross-section S δ and consequently the volume V τ increase with the Rayleigh number.
Increasing the Rayleigh number, the non-uniformity of the vorticity distribution on the closed c ψ region remains undulated. However, the vorticity is intensified, as expected, for the cases of of stronger boundary-driven flow (not shown here) and, as shown in Figure 7 , the ratio S V Table 3 . The Rayleigh-Bénard instability [15] which arises owing to thermal stratification in the vicinity the melt free, is removed in the presence of thermocapillary flow. The effect, as expected, depends on the intensity of Ma-flow or more precisely, on the ratio of the boundary to surface tension forces represented by 1 2 Gr Re σ with Re Ma Pr σ = as a Reynolds number based on the surface tension-induced velocity. However, in the interior of melt wherein Within the surveyed range of the Rayleigh number, the effect was found to be stronger for higher Rayleigh number. As well, the thermocapillary forces needed to modify the structure of the flow are stronger for more intensive convective flow. Consequently, the Bond number corresponding to the jump is found to be almost constant This can be inferred that more energy is stored in the wavy structure of the flow by increasing the Rayleigh number of the melt. The small secondary vortex (RFV) volume V τ is also increasing with Ra . The vortex does not appear for 5 9.89 10 Ra < × while the flow still exhibits an undulating structure due to a retarding force caused by vertical stratification of the melt near the crucible bottom. For Gr Re is equal to 2.70 and increases with larger thermal gradients through the system. It means that thermocapillary forces affect more strongly the behavior of the melt than the forced convection. Note that, the ratio 
Summary and Conclusions
Two-dimensional axisymmetric simulations of the Navier-stokes equations were used to investigate the behavior of the melt under a) the effect of internal radiative transfer and b) the influence of thermocapillary forces, during Cz growth of GGG crystals.
The results indicated that the two different mechanisms end up, however, in a similar pattern of the flow in the interior of the melt: the undulating structure of the flow, caused by vertical stratification of the melt, was smeared out when the melt assumed to be semitransparent (case C 1 ) and/or when the surface tension coefficient The wavy pattern of the flow found to be enhanced with increasing in the intensity of convective flow ( ) Ra in the melt. It was shown that, the Rayleigh-Fjørtoft's condition of instability was statisfied for the optically thick melt (case C 2 ) in which more thermal energy is stored in the internal waves. The condition was deemed to be removed in the case C 1 .
The properties of an elliptical-shape secondary vortex (RFV) which appears in the interior of the opaque melt of ( ) , P r z ′ in the interior of opaque melt. The structure of the flow in the melt of ( ) 6 10 Ra =  found to be sharply changed when the ratio Ra Ma was close to ~66.5 . It means that, for a given intensity of buoyancy-driven forces, there exists a corresponding threshold value of * T T γ γ = to which the behavior of the melt is highly sensitive (Figure 8) . It was shown that, the effect corresponds with a jump-discontinuity in the magnitude of max ψ (Figure 10 ) which occurs at * T T γ γ δ = + where δ is negligibly small.
